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We study exciton energy spectra in a pair of vertically coupled self-assembled quantum dots in external
electric field. We perform a systematic comparison of the four-band Luttinger Kohn modeling producing an
antibonding hole ground state with the single valence-band approximation in which the hole ground state has
the bonding character. We find that the single-band approximation remains relevant for description of the
electric field dependence of the photoluminescence spectrum for interdot barrier thickness of 7 nm or larger.
We explain that for thinner barriers the antibonding character of the hole orbital can be deduced from the
ground state recombination probability as a function of the electric field.
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I. INTRODUCTION

Self-assembled InGaAs/GaAs quantum dots spontane-
ously grow in stacks1 and the photoluminescence �PL� spec-
tra measurements performed more than a decade ago indi-
cated that confined carriers form extended states within the
stack due to the interdot tunnel coupling.1,2 A detailed experi-
mental study of these artificial molecular orbitals for a single
pair of quantum dots placed in an external electric field was
realized only several years later.3,4 Since then, the PL experi-
ments5 on artificial molecules in electric field provided a
large number of data on the role of Coulomb and spin-related
interactions as well as on the nature of the interdot tunneling.

The lowest-energy hole states confined in quantum dots
can be nearly entirely identified with the heavy hole valence
band.6 This fact is usually used as an argument for the single-
band modeling as the first approximation for the description
of the low-energy hole states. The single-band modeling for
the interdot barrier thickness of about 6 to 10 nm turned out
to be quite successful in determination of the features of the
PL spectra related to the electron tunneling between the dots.
In particular Ref. 7 correctly predicted the optical signatures
of the electric field-induced exciton dissociation by avoided
crossings of the direct and indirect exciton energy levels as
observed in a parallel experimental work.3 Moreover PL sig-
natures of the negative trion dissociation related to the re-
moval of electrons from the dot occupied by the hole as
described in Ref. 7 was precisely confirmed in a subsequent
experiment.8

The electron interdot tunnel coupling for a pair of identi-
cal dots results in formation of a bonding ground state orbital
and an antibonding excited orbital. The interdot tunnel cou-
pling for the heavy hole as described by the single-band
model is qualitatively similar although weaker. However, it
was recently demonstrated9 that the hole as treated by four-
band Luttinger Kohn10 �KL� Hamiltonian actually forms an
antibonding ground state. The reason is that the k · p Hamil-
tonian does not commute with the spatial parity operator. The
light hole tunnels more effectively than the heavy hole and
the bonding light hole orbital couples to the antibonding
heavy hole state. Even a small contribution of the bonding

light hole orbital triggers formation of a ground state which
is predominantly related to the antibonding heavy hole
orbital.9 A signature of the antibonding character of the
heavy hole ground state was indeed found11 in the Zeeman
shifts of the PL lines from which the penetration of the hole
to the GaAs tunnel barrier can be deduced.

Although the experiment11 was performed in external
electric field, the theoretical calculations that form the basis
for the present understanding of the interdot hole tunnel
coupling9,12 were performed with a neglect of the electric
field. In the present paper we study the exciton energies as
well as carrier recombination probabilities in function of the
external electric field to determine signatures of the anti-
bonding hole ground state that could be extracted directly
from the electric field dependence of the low-energy PL
spectrum in the absence of the external magnetic field. For
that purpose we compare the results as obtained by the four-
band hole modeling—which produces the antibonding hole
ground state—to the ones given by the single heavy hole
band approximation—in which the hole ground state has the
bonding character.

Formation of the antibonding hole ground state for iden-
tical quantum dots9 is due to the energy resonance appearing
for both the heavy and light hole states confined in separate
dots. The pairs of vertically coupled quantum dots are never
identical1 and additional confinement asymmetry can be in-
tentionally introduced14,15 by specific growth conditions. The
asymmetry in the quantum dots potential may be to an extent
compensated by the electric field, but the antibonding hole
state can appear only provided that resonance for the heavy
and light hole states is achieved for the same value of the
electric field. In this paper we provide a systematic study of
the asymmetry effects for optical signatures of the antibond-
ing hole ground state. We find that the exciton energy spectra
as calculated by the four-band Hamiltonian and by the heavy
hole approximation become similar for strongly asymmetric
dots. Nevertheless the ground state recombination probabili-
ties as obtained by the two approaches remain very different
for the electric fields which induce the hole transfer between
the dots.
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II. THEORY

We consider an electron-hole pair in the two vertically
stacked InGaAs quantum dots. The dots are considered ide-
ally circular, coaxial and with identical radius R=10 nm
�following Ref. 9�. The confinement potential is taken in a
separable form V�� ,z�=Vr���+Vz�z�, where the z axis is
identified with the rotational symmetry axis of the system. In
the present work we adopt an infinite potential well for the
radial potential Vr which dot not perturb the essential physics
of the interdot coupling along the axis of the stack. For the
vertical confinement we adopt a double finite potential well
resulting from the conduction and valence-band offsets of
depth Ve=380 meV for electrons and Vh=530 meV for the
holes.9 The height of the lower dot is assumed equal9 to h1
=2.0 nm and the height of the upper one is taken between
h2=2.0 nm and h2=2.5 nm. The external electric field is
assumed parallel to the z axis �F� = �0,0 ,F��.

We consider the following Hamiltonian for the interacting
electron-hole pair

Ĥeh = Ĥh + Ĥe + V̂eh, �1�

where Ĥh and Ĥe are the hole and the electron Hamiltonians

while the term V̂eh=−1 / ��reh� is responsible for their Cou-
lomb interaction �equations are written in atomic units and
the dielectric constant is taken equal to �=12.9�. We neglect
the electron-hole exchange interaction as small at the energy
scale of the avoided crossings observed at the exciton disso-
ciation. The exchange energy estimated for vertically
coupled dots by application of the transverse magnetic field
mixing the dark and bright exciton states13 is about 0.25
meV.

The KL �Refs. 9, 10, 12, and 16� Hamiltonian describes
the degenerate two light and two heavy hole bands corre-
sponding to angular momentum j= 3

2 . The split-off hole band
�j= 1

2 � is neglected in the Hamiltonian, since it lies at least
200 meV below the top of the valence band. We use the KL
Hamiltonian in its conventional form

Ĥh =�
P̂+ R̂ − Ŝ 0

R̂� P̂− 0 Ŝ

− Ŝ� 0 P̂− R̂

0 Ŝ� R̂� P̂+

� + �Vh + er�F� �I , �2�

where r� is the hole position vector and I is the identity ma-
trix. The form of Eq. �2� assumes that the four components
of the hole spinor—each related to a different projections of
the Bloch angular momentum on the z axis—are put in the
order jz=+ 3

2 , − 1
2 , + 1

2 , and − 3
2 , corresponding to the heavy

spin up, the light spin down, the light spin up, and the heavy
spin-down hole bands, respectively. The operators appearing
in the Hamiltonian �2� are defined10 as

P̂+ =
1

2
���1 + �2�p̂�

2 + ��1 − 2�2�p̂z
2� , �3�

P̂− =
1

2
���1 − �2�p̂�

2 + ��1 + 2�2�p̂z
2� , �4�

R̂ =
− �3

2
�2p̂_

2, �5�

Ŝ = �3�3p̂_p̂z, �6�

where p̂_= p̂x− ip̂y and p̂�
2 = p̂x

2+ p̂y
2. The Luttinger parameters

�i appearing in the above equations are taken for the
In0.53Ga0.47As alloy:17 �1=11.01, �2=4.18, and �3=4.84.

The eigenfunctions of the diagonal part of operator �2�
can be written down in a form

exp�il���ijljz
h ��,z��jz	 = exp�il��Jl
�i

l�

R
�Wj�jz�

�z��jz	 , �7�

where l is the orbital angular momentum, Jl is the Bessel
function of the first kind, �i

l is its i-th root, and Wj,�jz�
is the

j-th hole eigenstate of the vertical part of the diagonal
Hamiltonian

ĥz = −
1

2m�jz�
�

�2

�z2 + Vh�z� + ezF , �8�

in which we use m1/2
� =1 / ��1+2�2� for the light hole and

m3/2
� =1 / ��1−2�2� for the heavy hole. Operator �8� is diago-

nalized on a one-dimensional mesh of points with spatial
step of �=0.1 nm. The potential for the electron and the
hole along the axis of the stack is given in Fig. 1 for the
electric field F=50 kV /cm.

Hamiltonian �2� for a given projection of the total angular
momentum on the z axis �mz� is diagonalized in the basis

	mzn
h = �

i,j,jz

bijjz

mznei�mz−jz���ij�mz−jz�jz
h ��,z��jz	 , �9�

where the normalization of the basis elements is included in
the expansion coefficients b. The electron Hamiltonian is
also taken in the separable form
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FIG. 1. �Color online� Vertical confinement potential for elec-
tron and hole in a pair of identical dots in presence of an electric
field of F=50 kV /cm applied parallel to the symmetry axis of the
system �z�.
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Ĥe = ĥ�,� + ĥz �10�

where ĥ�,� is the kinetic energy operator and ĥz is given by
Eq. �8� only with an inverse electric charge −e and the elec-
tron band mass me

�=0.05. Each electronic basis state has
definite z component of the orbital angular momentum �l�
and the spin projection on the z axis �
= �1 /2�

	mkl

e = cmkle

il��mkl
e ��,z��
	 = cmkle

il��mkl

e ��,z� �11�

where cmkl is the normalization constant, m and k specify the
number of radial and vertical excitation, respectively for a
given angular momentum l.

The wave function of the exciton is calculated using an
exact diagonalization of Hamiltonian �1� in a basis of non-
correlated products of single-particle eigenfunctions

�M
exc = � Amznmkl


M 	mzn
h 	mkl


e . �12�

We insert into the basis electron eigenfunctions with l=0 and
�1. For each angular momentum we use 16 states with
m ,k=1,2 ,3 ,4, which gives in total 48 basis functions. For
the hole we use 32 lowest-energy eigenstates of the KL
Hamiltonian. The essential point of the calculation is the
evaluation of the Coulomb matrix elements for the electron-
hole pair

�M�V̂eh��M�	

= � Amznmkl

M Amz�n�m�k�l�
�

M� � d3r�h�	mzn
h ��	mz�n�

h

� d3r�e
1

�reh
�	mkl


e ��	m�k�l�
�
e . �13�

After summation over the electron spin degrees of freedom
the second integral can be treated simply as the electrostatic
potential for the hole generated by the electron,18

Vm�k�l�
mkl �r�h� =� d3r�e

1

�reh
�	mkl

e ��	m�k�l�
e . �14�

We solve the Poisson equation for this potential

�2Vm�k�l�
mkl = −

4�

�
��mkl

e ��,z����m�k�l�
e ��,z�ei�l�−l��. �15�

The potential adopts the rotational symmetry of the right-
hand side of Eq. �15�

Vm�k�l�
mkl ��,z,�� = Vm�k�l�

mkl ��,z,0�ei�l�−l��. �16�

Since the angular form of the potential is given by Eq. �16�
the Poisson Eq. �15� can be solved on a two-dimensional
mesh. For that purpose we use a finite difference relaxation
approach. The nodes of the mesh are defined as �i= i�� and
zj = j�z with the mesh spacing �z=0.1 nm and ��

=0.083 nm. For the calculation of the Coulomb matrix ele-
ments we need to solve the Poisson equation for all 482

=2304 pairs of the electron wave functions that enter the
Coulomb integral �13�. The adopted procedure18 is neverthe-
less much faster than a direct six-dimensional integration of
482322 Coulomb matrix elements. Given the electron po-
tential the Coulomb matrix elements read19

�M�V̂eh��M�	

= � �Amznmkl

M ��Amz�n�m�k�l�
�

M�

 � �bijjz

mzn��b
i�j�jz�
mz�n� �cmkl��cm�k�l�

� d�dzd����ijmzjz
h ���i�j�mz�jz�

h Vm�k�l�
mkl ��,z,0�

ei��mz�−jz��−�mz−jz�+�l�−l���. �17�

The probability of radiative recombination for the M ex-
citon state is evaluated as proportional to square of the over-
lap of the electron wave function to the hole spinor elements
summed over the valence bands and the electron spin states

pM = �
jz,


��jz+
�,1� �
mz,n

l,m,k

Amz,n,m,k,l,

M �

i,j
bi,j,jz

mz,ncm,k,l� d3r�ed
3r�h�i,j,jz,mz

h �r�h��m,k,l,0
e �r�e���r�e − r�h��

2

, �18�

where �i,j,l1,l2
� �r��=ei�l1−l2���m,k,l1,l2

� �� ,z� in accordance with
Eqs. �7� and �11� and the term ��jz+
�,1 is responsible for the
spin selection rule.

III. RESULTS

A. Test calculations for the hole

For a pair of identical dots we reproduce the main result
of Ref. 9—in the four-band Hamiltonian �2� the antibonding

hole ground state is found for the barrier thickness larger
than 1.5 nm—see the energy levels presented with the red
curves in Fig. 2�a�. In the kp calculation, the contribution of
the light hole �of about 5%—see Fig. 2�c�� lowers the ground
state energy by as much as �20 meV. We also performed
calculations in the six-band Luttinger Kohn Hamiltonian in-
cluding the split-off band given in the Appendix. The split-
off valence-band contribution to the hole ground state is of
the order of 1% �see Fig. 2�c��. In the six-band Hamiltonian
the contribution of the light hole is slightly reduced and the

SIGNATURES OF ANTIBONDING HOLE GROUND STATES… PHYSICAL REVIEW B 81, 075302 �2010�

075302-3



energy levels �dark gray �blue� curves in Fig. 2�a�� are
shifted down by about 1 meV with respect to the four-band
modeling. Moreover, we performed calculations in a finite
disk quantum well model of depth Vh. The results as ob-
tained by the imaginary time technique20 are compared with
the infinite radial well model in Fig. 2�b�. For the finite quan-
tum well the energy levels are shifted down by about 5 meV
and the energy splitting between the bonding and antibond-
ing states is slightly reduced. We conclude that the both in-
clusion of the split-off band and account taken for the finite
depth of the radial potential introduce no qualitative differ-

ence for the description of the splitting of the bonding and
antibonding energy levels, which is therefore adopted in the
following.

B. Exciton spectra for identical dots

We begin the discussion of the exciton spectra in the elec-
tric field by the ideal case of identical dots for which the
contribution of the light hole is expected to be the strongest.
Comparison of the exciton energy spectra as obtained with
the KL Hamiltonian and in the heavy hole approximation is
given in Fig. 3 �the energies are given with respect to the
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FIG. 2. �Color online� �a� Two lowest-energy levels of the hole for identical pair of quantum dots as calculated in the heavy hole
single-band approximation �light gray �red� curves� as function of the interdot barrier thickness b. Black curves show the results obtained in
the four-band KL Hamiltonian �Eq. �2�� and dark gray �blue� ones the results of the six-band Hamiltonian given by Eq. �A1�. �b� Comparison
of the results of the four-band modeling with the assumption of infinite potential well in the radial direction �red curve� and the results
obtained in a model of a finite potential disklike quantum well of depth Vh=530 meV. �c� Two upper curves show the contribution of the
light hole to the ground state wave function as obtained in the four-band modeling �black curve�. The contribution of the split-off �SO�
valence band in the six-band modeling is also shown.
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FIG. 3. �Color online� Energy spectrum for a pair of identical dots in function of the electric field. The interdot barrier thickness b
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energy gap of the dot material�. The electron tunnel coupling
between the dots for b=7 nm—the thickest of the interdot
barrier considered here—results in the avoided crossing be-
tween the ground state and the second optically active energy
level that is observed in Figs. 3�d� and 3�h�. The states that
participate in the avoided crossing �ground state and the
second-excited energy levels� correspond to the hole local-
ized in the lower dot �see the insets to the figure which in-
dicate the electron and the hole distributions�, and the
avoided crossing is related to the ground state removal of the
electron to the upper dot which is accompanied by vanishing
ground state recombination probability due to separation of
the carriers.7 The light hole tunnels between the dots as ef-
fectively as the electron. Therefore one could expect that the
energy spectra for the heavy hole and kp modeling should be
different already for this value of the barrier thickness. How-
ever, this is not observed. Figures 3�d� and 3�h� show that the
pattern of optically active energy levels as calculated by the
four-band model is qualitatively identical to the results of the
heavy hole approximation.

For the detection of the spectral features due to the anti-
bonding hole orbital we consider smaller values of interdot
barrier thickness. For b=4.1 and 2.1 nm �Figs. 3�b�, 3�c�,
3�f�, and 3�g�� the optically active energy levels in both cal-
culation vary with the electric field in a similar manner. More
pronounced is the difference in the ground state recombina-
tion probability �RP�, which was plotted in Figs. 4�a� and
4�b�. In the heavy hole model we notice an abrupt drop of RP
when the electric field is applied. This is due to the mixing of
nearly degenerate antibonding and bonding states by the
field.

The reason behind the drastically different RP dependence
as obtained by the KL and single-band modeling can be un-
derstood by considering the heavy hole component of the
exciton wave function plotted in Fig. 5 along the symmetry
axis of the system ��e=�h=0�. For b=2.1 nm and F=0 the
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ground state wave function has nodal surfaces �changes sign�
along the hole coordinate which results from the antibonding
hole orbital. The electron-hole correlation is evident in the
localization of the extrema of the wave function on the diag-
onal of the plot ze=zh which corresponds to electron and hole
remaining in the same position. In the calculation of RP one
integrates the exciton wave function for re=rh, which in the
context of Fig. 5 corresponds to integration over the diago-
nal. The resulting integral is zero due to the nodal surface
present in the ground state. For F=50 kV /cm the ground
state wave functions corresponds to the hole nearly com-
pletely localized in the lower dot and the electron present in
both the dots. Still a trace of the hole presence in the upper
dot can be seen �Fig. 5�g��. The ground state wave function
still changes sign along the diagonal of the plot, but the
integral of the wave function over the diagonal is no longer
zero due to the imbalance of the carrier distribution between
the dots introduced by the electric field.

For b=1.2 nm the hole ground state as obtained by the
KL modeling becomes bonding �see Fig. 2�a��. For that bar-
rier thickness the heavy hole tunneling is finally activated
and the effect dominates over the light hole tunneling due to
the larger contribution of the heavy hole band. For the bond-
ing hole ground state the RP becomes a monotonic function
of F as in the heavy hole approximation �see Figs. 3�a� and
3�e��. Figure 4 shows that at higher field the RPs in both kp
and heavy hole calculations become identical, which is con-
sistent with the plots of the wave functions given in Figs.
5�c�, 5�d�, 5�g�, and 5�h� which are similar for both b=1.2
and 2.1 nm.

We conclude that at the center of the avoided crossing
related to the hole switching between the dots, the electron-
hole recombination probability is minimal for the antibond-
ing hole orbital and maximal for the hole in the bonding
state.

C. Nonidentical dots

The striking difference of the RP probabilities as found
above for the bonding and antibonding hole ground states
can only be useful in an experiment provided that similar
features are found for nonidentical dots. In order to verify
this point we introduced an asymmetry to the system by
increasing the height of the upper dot.

For a small asymmetry—the height of the upper dot in-
creased from 2 to 2.1 nm and in the strong coupling limit
�Figs. 6�a� and 6�e�� the extrema of the energy levels are
shifted to the negative electric field. In Figs. 6�b� and 6�f� we
notice that although the two lowest-energy levels enter into
similar avoided crossing in both kp and single-band calcula-
tions, the RPs for these levels are inverted. In Fig. 7 we can
see that the ground state RP drops to zero at the center of the
avoided crossing in the kp calculation. This indicates that the
ground state hole state becomes orthogonal to the bonding
electron state, i.e., the heavy hole l=0 spinor acquires an
antibonding character at the center of the avoided crossing,
in contrast to the heavy hole modeling for which the recom-
bination probability is maximal at the avoided crossing. The
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FIG. 7. �Color online� Same as Fig. 4 but for the pair of non-
identical dots hl=2 nm, hu=2.1 nm. Barrier thickness b=2.1 nm
is applied in �a� and b=4.1 nm in �b�.
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ground state avoided crossings observed in Figs. 6�a�–6�c�
are related to the hole transfer between the dots. For larger
barrier thickness �Fig. 6�d�� the ground state avoided cross-
ing related to the hole transfer become too narrow to be
noticed at the energy scale applied in the figure. The ground
state RP dependence on the field becomes similar in both
approaches �Fig. 7�b��, still only the one obtained by the kp
method drops to zero at the center of avoided crossing. The
ground state avoided crossing that for b=7 nm is clearly
seen near +40 kV /cm in Figs. 6�d� and 6�h� is due to the
electron transfer. In this case the results of both methods for
the optically active energy levels are identical. This electron
transfer related avoided crossing—of an indirect exciton en-
ergy level �separated carriers� with the direct one �carriers in
the same dot� was historically the first optical signature re-
ported experimentally in Ref. 3 and found in the heavy hole
modeling of Ref. 7.

For strongly asymmetric dots �Figs. 8 and 9� the features
of the optically active states as obtained by the single-band
model and by the kp method are identical for b�4 nm.
However, for b=2.1 nm �Figs. 8�b�, 8�f�, and 9� the ground

state RP as calculated by the multiband approach distinctly
drops to zero at the hole transfer-related avoided crossing,
while the single-band modeling produces a maximal RP.

IV. SUMMARY AND CONCLUSIONS

We have performed an exact diagonalization study of ex-
citon spectra and electron-hole recombination probabilities
for a pair of symmetric and asymmetric quantum dots in the
presence of external electric field. We demonstrated that the
heavy hole modeling correctly describes the spectral conse-
quences of the electron transfer between the dots. The single-
band modeling is therefore relevant for the interdot coupling
for barrier thickness of about 7 nm or larger. We also indi-
cated that the antibonding character of the heavy hole orbital
for barrier thickness between �2 and �4 nm can be de-
duced from the intensity of the lowest-energy PL lines. The
recombination probability drops to zero when an antibonding
hole ground state is formed at the center of avoided crossing
related to the hole transfer between the dots. The electric
field dependence of the ground state recombination probabil-
ity can be used as a measure for probing the type of hybry-
dization of the ground state hole orbital in artificial mol-
ecules.
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APPENDIX

For the purpose of Fig. 2�a� we used the following21 six-
band generalization of the hole Hamiltonian �2�, including
the split-off band

H6 =�
P̂+ R̂ − Ŝ 0 −

1
�2

Ŝ �2R̂

R̂� P̂− 0 Ŝ �3

2
Ŝ� �2Q̂

− Ŝ� 0 P̂− R̂ − �2Q̂ �3

2
Ŝ

0 Ŝ� R̂� P̂+ − �2R̂� −
1
�2

Ŝ�

−
1
�2

Ŝ� �3

2
Ŝ − �2Q̂� − �2R̂ P̂ + � 0

�2R̂� �2Q̂� �3

2
Ŝ� −

1
�2

Ŝ 0 P̂ + �

� + �V̂h + er�F� �I , �A1�
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FIG. 9. �Color online� Same as Fig. 4 but for the pair of non-
identical dots hl=2 nm, hu=2.5 nm. Barrier thickness b=2.1 nm
is applied in �a� and b=4.1 nm in �b�.
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where V̂h is the confinement potential, r� is the hole position
vector, and I is the identity matrix, �=300 meV is taken for
the spin-orbit shift. The operators appearing in this Hamil-
tonian, which were not defined above are

P̂ =
�1

2
�p̂x

2 + p̂y
2 + p̂z

2� , �A2�

Q̂ =
�2

2
�p̂x

2 + p̂y
2 − 2p̂z

2� . �A3�

In the evaluation of the z-component Hamiltonian �8� for the
split-off hole band we use the effective mass mSO

� =1 /�1.
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